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Abstract
This is a response to a recently reported comment [1] on paper [J. Math. Phys.59, 082105 (2018)] regarding
the quantization of damped harmonic oscillator using a non-Hermitian Hamiltonian with real energy eigenvalues.
We assert here that the calculation of Eq. (29) of [2] is incorrect, and thus the subsequent steps via the Nikiforov-
Uvarov method are affected, and the energy eigenvalues should have been complex. However, we show here that
the Hermiticity of the Hamiltonian should be firstly achieved to make the correct transition from classical Hamil-
tonian to quantum counterpart, and this can be reached using the symmetrization rule. Applying the canonical
quantization on the resulted Hermitian Hamiltonian and then using the Nikiforov-Uvarov method correctly, the
energy eigenvalues will be real and exactly as given by Eq. (35) of [2].
In [2], we arrived at the classical Hamiltonian:
H(y, py) =
p2y
2m
+
1
2
mω2y2 +
1
2
.λypy. (1)
In its present shape, this Hamiltonian is not Hermitian and the energy eigenvalues are not guaranteed to be real as
pointed out in [1]. We also reported in [2] that the canonical quantization of this Hamiltonian, with the form as in
Eq. (1) is given via solving the Schrodinger equation for this system is
d2ψ
dy2
−
mλy
i~
dψ
dy
+
2m
~2
(
E −
1
2
mω2y2
)
ψ(y) = 0 (2)
which we reported that it yields real eigenvalues given as [2]
En = ~
√
(ω2 −
λ2
4
)(n+
1
2
), n = 0, 1, 2, 3, ... (3)
We assert here in this response that we made a miscalculations in the derivation of Eq. (3) based on Eq. (2) using the
Nikiforov-Uvarovmethod. However, the true result with real energy eigenvalues can be achieved if re-consider the
transition from classical Hamiltonian to its quantum counterpart before the canonical quantization takes place. If
we visit Eq. (1) again, we see that the third term ypy is classically equivalent to pyy as will as
(ypy+pyy)
2 . According
to symmetrization rule [4] andmany advanced quantummechanics textbooks [3], such operator ordering ambiguity
can be resolved by firstly symmetrizing and expressing it as normal ordered as
(ypy+pyy)
2 before quantization takes
place. In adopting the symmetrization rule, the Hamiltonian in Eq. (1) can be prepared to be Hermitian before
canonical quantization takes place as
H(y, py) =
p2y
2m
+
1
2
mω2y2 + λ
(ypy + pyy)
4
=
H +H†
2
. (4)
To find the corresponding energy eigenvalues, we next quantize the system with this Hermitian operator, which
yields
d2ψ
dy2
−
mλy
i~
dψ
dy
+
2m
~2
(
E −
1
2
mω2y2 − i~
λ
4
)
ψ(y) = 0 (5)
1
Therefore, the implementation of of NU method gives
∼
τ= −mλyi~ , σ = 1,
∼
σ= 2m
~2
(E − 12mω
2y2 − i~λ4 ). Based
on these new choices, we then have
pi =
mλy
i~
±
√
α2y2 − β + k (6)
where β ≡ 2m
~2
(E − i~λ4 ) and α
2
≡
m2ω2
~2
−
m2λ2
4~2 . The correct formula for λn is then
λn =
2mE
~2
− α+
mλ
2i~
, (7)
which gives the extra imaginary term mλ2i~ . Also,
λn = 2nα. (8)
Comparing the new results for λn as given by Eq. (7) with Eq. (8), we obtain the energy eigenvalues as
En = ~
√
(ω2 −
λ2
4
)(n+
1
2
), n = 0, 1, 2, 3, ... (9)
which are real.
To double check our results, we follow the procedure illustrated in [6, 5] to find the energy eigenvalues. By
noting that
H(y, py) =
p2y
2m
+
1
2
mω2y2 + λ
(ypy + pyy)
4
=
(py +mλy/2)
2
2m
+
1
2
m
(
ω2 −
λ2
4
)
y2 (10)
and that the corresponding eigenvalue equation is Hψ = Eψ, then ηHη−1ηψ = Eηψ. With the choice η =
exp
(
imλy2/4~
)
, we have
eimλy
2/4~ [py +mλy/2] e
−imλy2/4~ = py
eimλy
2/4~ [py +mλy/2]
n
e−imλy
2/4~ = (py)
n (11)
Therefore,
ηHη−1η =
p2y
2m
+
1
2
m
(
ω2 − λ2/2
)
y2. (12)
The quantization of Eq. (12) is clearly the real energy eigenvalues as given by Eq. (3).
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